Anne Gloag

Note-sheet – week 4

Circles 
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· The most basic equation for a circle is x2 + y2 = 1
· We make it bigger by scaling our axes:

· 
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 or  x2 + y2 = r2
· We move it around the Cartesian plane by translating or axes:

· (x – h)2 + (y – k)2 = r2
· [image: image51.wmf])
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This is a circle, of radius r centered at (h, k)
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Example: Write the equation of the circle in standard form:  
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    Solution:
   The standard equation of the circle is: 
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    Identify the center: From the graph h = 3 and k = -4

    Identify the radius: From the graph r = 2

    Therefore: 
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Example: Graph the circle described by the equation:  
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Solution: 
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Identify the center: h = -2 and k = 4

Identify the radius: r = 4

To graph:

1. [image: image56.wmf]1
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plot the center point
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draw points 4 units away left and right of 

the center and 4 units away up and down from 
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the center
Notice the vertices of the circle are at:
(-6, 4) and (2, 4) on the horizontal axis and

(-2, 8) and (-2, 0) on the vertical axis
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Ellipses
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Look again at the unit circle equation:

· By scaling our axes differently, we will distort our circle:

· [image: image64.wmf])
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 or 
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· This is the equation of an ellipse!

· There are 2 axes, the major axis and the minor axis

· The width of the ellipse (in x direction) is 2a
· The height of the ellipse (y direction) is 2b 
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Foci:

Foci are located on the major axis, c units away from the center (h, k)
· [image: image68.wmf])
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The foci are located at: (h-c, k) and (h+c, k) if a > b 
(i.e., the horizontal axis is bigger)
· here c is defined as 
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The foci are located at (h, k-c) and (h, k+c) if a < b 
(i.e., the vertical axis is bigger)

· here c is defined as 
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Vertices:

· [image: image70.wmf])
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The vertices are located at the “tips” of the major axis of the ellipse.

· For a general ellipse, 

· For a > b, vertices are:
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· For b > a vertices are
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Example: Graph the ellipse described by the equation: 
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Identify the foci and the vertices.

Solution:

Identify the center: h = 4 and k = -2
Identify a and b: a = 5 and b = 3
Find the foci: a > b so 
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, therefore c = 4

                        and the foci are located at (0, -2) and (8, -2)
Find the vertices: vertices: (9, -2) and (-1, -2)
To graph:

1. Draw the center point: (4, -2)

2. draw points 5 units to the left and right and

draw points 3 units up and down.
parabola
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The vertex of the parabola is located at point (h, k).
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The standard form for a parabola that turns up or down is:
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If a > 0, then the parabola turns up.
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If a < 0, then the parabola turns down.

The focal length is found using the formula: 
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The focus is located at (h, k+F ) if a > 0

And it is located at (h, k - F ) if a < 0

The directrix is given by 
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 if a > 0,

And it is given by 
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if a < 0.
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The standard form for a parabola that turns left or right is: 
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If a > 0, then the parabola turns right.

If a < 0, then the parabola turns left.
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The focal length is found using the formula: 
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The focus is located at (h+F, k ) if a > 0

And it is located at (h-F, k ) if a < 0

The directrix is given by 
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 if a > 0,

And it is given by 
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if a < 0.

Examples for parabolas
1. Write the equation of the parabola shown in the figure.

Find the vertex, the location of the focus and the equation of the directrix.
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Solution:
vertex: (2, -3)
standard equation: 
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2

)

3

(

2

)

(

+

=

-

Þ

-

=

-

y

a

x

k

y

a

h

x


To find a, pick any point on the parabola and plug into the equation, e.g. (4, -1)
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Focal length = 
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Focus is located at: (2.5, -3)
Directrix is: 
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2. Graph the parabola described by the equation: 
[image: image30.wmf]2
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Find the location of the vertex.

Find the location of the focus.

Find the equation of the directrix.

Solution:

The vertex is: (1, -2) 
The focal length is: 
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The location of the focus is: (1, -2.125)
The equation of the directrix is: 
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To graph the parabola:

1. Make a table of values: 

include the vertex 

and pick two x values on either side of the vertex

evaluate the value of y by using the original equation

2. Plot the points and draw the parabola.

3. Hyperbolas
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Hyperbolas can have two orientations. 
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In the figure to the right, the standard equation is:
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where (h, k) is the center of the hyperbola.

2a is the width of the inside box and 2b is the height of the box.
Note that the box is not part of the hyperbola. It is there to help

in drawing the hyperbola. 

The focal length is given by 
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The foci are located at points 
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The vertices are the points where the hyperbola touches the box.

They are located at points 
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The asymptotes are the diagonals of the box. The hyperbola 

approaches these lines as x increases in magnitude.

The slopes of the asymptotes are 
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[image: image89.emf]
Examples for Hyperbolas

1. a) Graph the parabola given by the equation: 
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     b) Find the location of the foci.

     c) Find the location of the vertices
     d) Find the equation of the asymptotes.

To graph:

1. Mark the center point on the graph (h, k). Here h = 1 and k = 2
2. Find the values of a and b. Here a = 4 and b = 2
3. Mark the extremes of the box by going a units left and right from the center and b units up and down from the center.

4. Draw the box.

5. Draw the diagonals of the box extending well beyond the corners.

6. This equation tells us the hyperbola turns up and down.

7. The hyperbola touches the box at (1, 4) and (1, 0) and curves towards the asymptotes. It gets closer and closer to the asymptotes on both sides but never touches them.
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Equations of the asymptotes:

First asymptote: 
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1. Plug in the slope: 
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2. To find b, plug in a point on the line, e.g., (1, 2) so 
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Second asymptotes: 
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1. Plug in the slope 
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2. To find b, plug in a point on the line, e.g., (1, 2) so 
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Geometrical Definitions





An ellipse can be defined in terms of its foci: There are two focus f1 and f2 points aligned along the major axis. For any point P on a given ellipse, the distance f1P plus the distance f2P is constant.
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Geometrical Definition


A circle is also defined as the set of points that are equidistant from the center of the circle. 


i.e. all the points that are a distance r from (h ,k)
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Geometrical Definition





A parabola is defined as the collection of all points P in the plane that are the same distance from a fixed point F as they are from a fixed line D (� EMBED Equation.3  ���). The point F is called the focus of the parabola, and the line D is its directrix.
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(2, -3)
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(2.5, -3)





x = 1.5





Geometrical Definition





A hyperbola is the collection of all points in the plane the difference of whose distances from two points, called the foci, is a constant. In other words, 


� EMBED Equation.3  ���is the same for any point on the hyperbola.
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In the figure to the right, the standard equation is:


� EMBED Equation.3  ���


The focal length is given by � EMBED Equation.3  ���


The foci are located at points � EMBED Equation.3  ���and � EMBED Equation.3  ���


The vertices are located at points� EMBED Equation.3  ���and� EMBED Equation.3  ���


The slopes of the asymptotes are � EMBED Equation.3  ���and � EMBED Equation.3  ���respectively
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The focal length is:


� EMBED Equation.3  ���





The foci are located at: � EMBED Equation.3  ��� and � EMBED Equation.3  ���





The vertices are located at:� EMBED Equation.3  ���and � EMBED Equation.3  ���





The slopes of the asymptotes are: 


� EMBED Equation.3  ���and � EMBED Equation.3  ���respectively.
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